Abstract. For degenerating sequences of three dimensional hyperbolic manifolds of finite volume, we prove convergence of their eigenfunctions, heat kernel and spectral measure.
Introduction
A natural and important question for a degenerating sequence of Riemannian manifolds concerns their spectral behavior, i.e., spectral degeneration. The works of Wang [23] and Thurston [10] show that among locally symmetric spaces of finite volume, only hyperbolic manifolds of dimension 2 and 3 admit degenerating sequences. The spectral degeneration for hyperbolic surfaces has been intensively studied in [8] [26] . One of the results says roughly that eigenfunctions of compact surfaces converge to linear combinations of Eisenstein series of the limit non-compact surfaces [25, Theorem 3.4 ] [11, Theorem 1.2]. Besides its interest from the point of view of spectral convergence, this result plays an important role in [27] to verify the Phillips & Sarnak conjecture on finiteness of cuspidal spectrum for generic non-compact surfaces in special families, and is used in [15] to show that the Phillips & Sarnak conjecture implies that for a generic compact surface, almost all eigenvalues are simple. In this paper, we prove that the same result holds for degenerating sequences of three dimensional hyperbolic manifolds. We also prove the convergence of their heat kernel, Green function and spectral measure.
Let M i , i ≥ 1, be a degenerating sequence of three dimensional hyperbolic manifolds of finite volume converging to M 0 . That is, M i , i ≥ 1, has finite volume and is not necessarily compact, and the lengths of several geodesics in M i converge to zero as i → ∞. Then M 0 has continuous spectrum [1, +∞) , and the generalized eigenfunctions are Eisenstein series E ξj (u; s), u ∈ M 0 , s ∈ C, one for each end ξ j of M 0 . Our first result is the following: Remarks. (1) If λ 0 = 1 and E ξj (u; 1) are linearly dependent, then linear combinations of derivatives thick-thin decomposition of M . According to a theorem of Kazhdan and Margulis [7, §2] , there exists a universal constant ε 0 > 0, called Margulis constant, such that M (0,ε0) consists of finitely many components, which can be described explicitly as follows.
Since M has constant curvature −1, there exists a Kleinian group Γ ⊂ PSL(2, C) such that M = Γ\H 3 , where 
The open subset Γ ∞ \H induced from the metric dx 2 + dy 2 on R 2 . The constant τ ∞ satisfies the following property: For any u ∈ ∂C ∞ , the injectivity radius ι(u) = ε 0 . For any a > 0, denote the subcusp Γ\H
For any other parabolic fixed point ξ of Γ, we can also define its cusp C ξ ⊂ M by conjugating ξ to ∞ so that for any u ∈ ∂C ξ , ι(u) = ε 0 . Similarly, for any a > 0, we can define its subcusp
Any hyperbolic element γ ∈ Γ leaves invariant a unique geodesic in H 3 and acts on it by translation. This geodesic is called the axis of γ. For any simple closed geodesic c(s) in M, its liftc(s) in H 3 is the axis of the deck transformation associated to γ c . Let (r, s, θ) be the Fermi coordinates of H 3 based on the geodesic c, where r is the distance toc, s is the arc length ofc, and θ is the angular coordinate in the plane perpendicular toc atc(s). Then the deck transformation γ c is given by γ c (r, s, θ) = (r, s + |c|, θ + α), where |c| is the length of the geodesic c in M , and α ∈ R/2π. In these coordinates, the hyperbolic metric on H 3 is given by ds 2 = dr 2 + cosh 2 rds 2 + sinh 2 rdθ 2 . Then for any R > 0, the tubular neighborhood 
In particular, there is a bijective correspondence between the ends of M and the Γ-equivalence classes of parabolic fixed points.
Deformation of Hyperbolic Structure
Let M 0 = Γ 0 \H 3 be a non-compact complete hyperbolic three dimensional manifold of finite volume. Then the deformation space of
where PSL(2, C) acts by conjugation. 
2 ) p be the corresponding coordinates, where some of (r i (ρ), u i (ρ)) could be ∞. 
For any ρ 0 ∈ D with at least one (r i (ρ 0 ), u i (ρ 0 )) = ∞, there are only countably infinitely many ρ in a neighborhood of ρ 0 such that ρ(Γ 0 ) is a torsion free cofinite subgroup, according to Lemma 3.3. Denote them by 
From this proposition and the Mostow rigidity theorem, the sequence ρ i ∈ D with ρ i = ρ 0 and ρ i → ρ 0 gives rise to a degenerating sequence with limit
By the Mostow rigidity theorem again, any convergent sequence M i is degenerate unless it is eventually constant.
From now on, for any degenerate sequence of hyperbolic three dimensional man-
Since there is no natural map to compare functions on M i and M 0 , we introduce the following convention. (2) Assume that ψ i is a function on M i × M i which is continuous off the diagonal, andψ i is its lift on H 3 × H 3 . Then ψ i is defined to converge to ψ 0 uniformly over compact subsets away from the diagonal if for any compact subsets
Similarly, we can define the uniform convergence of ψ i to ψ 0 over all compact subsets of
This definition of convergence is justified by the following.
Lemma 3.7.
Assume that ϕ i converges to ϕ 0 uniformly over compact subsets according to Definition 3.6. Then for any fixed ε > 0 and
Proof. LetM i,[ε,∞) be the inverse image in H 3 of the thick part M i, [ε,∞) , and [ε,∞) and hence such a lift exists. Since L(f i ) → 0, by the normalization of the uniformization groups Γ i and hence the lifting,f i converges uniformly over compact subsets ofM i, [ε,∞) to the inclusion mapM 0,[ε,∞) → H 3 . By assumption, ϕ i converges toφ 0 uniformly over compact subsets, and henceφ i •f i converges tõ ϕ 0 uniformly over compact subsets. Therefore
Deformation of Γ 0 or M 0 can also be studied via deformation of fundamental domains in H 3 . For a detailed account, see [22, pp. 232-237 ]. Hence we recall only a few statements needed for our proof of Theorem 1.1. In particular, the distance from the common axis to u 0 goes to infinity, and the dihedral angle along the wedge goes to zero as i → ∞. 
and C ∞ is defined in terms of the injectivity radius, it follows that
Proof. Since K is compact, there exist a > 0 and
Maass-Selberg Relation
The Maass-Selberg relation is essential to spectral analysis for non-compact hyperbolic surfaces of finite area [18, Theorems 2.3.1 and 2.3.2]. In this section, we establish a Maass-Selberg relation for compact hyperbolic three dimensional manifolds with short geodesics. Such a formula for hyperbolic surfaces was given by [11, Lemma 5.3] . In the previous cases, the Fourier decomposition near cusps and short geodesics plays an important role. For three dimensional manifolds, there does not exist a full Fourier decomposition near a short geodesic; instead, there exists a partial Fourier decomposition which is sufficient for our purpose here.
For simplicity, we assume that M 0 has only one end, and hence M i has only one pinching geodesic c i , whose length |c i | goes to zero as i → ∞. Recall from Lemmas 2.2 and 2.3 that B(c i , R i ) is a tubular neighborhood of c i homeomorphic to the interior of a solid torus, and R i ∼ 2 log 1/|c i | as i → ∞. Recall further from §2 that in terms of the Fermi coordinates (r, s, θ) of H 3 , the deck transformation γ ci acts by γ ci (r, s, θ) = (r, s+|c i |, θ+α). Hence r is well defined on B(c i , R i ) and measures the distance to the axial geodesic c i ; for any point u ∈ B(c i , R i ), this distance is denoted by r(u). For any 0 < r ≤ R i , the level surface T i (r) = {u ∈ B(c i , R i ) | r(u) = r} is a torus. 
ϕ(v) and hence only depends on r = r(u).
2. 
Proposition 4.2. [Maass-Selberg Relation]. Let ϕ be a smooth function on
Proof. By Green's formula,
), and dµ(w) is the area form on
Similarly,
w)dµ(w).
Adding these two equations yields that
From the assumption on ϕ, it follows that ∆ϕ a = λϕ a outside T i (R i −a), and hence
Proof of Theorem 1.1
First, we need a few lemmas. For each cusp ξ j of M 0 , an Eisenstein series E ξj (u; s), u ∈ M 0 , s ∈ C, is defined and has moderate growth [5] . If ∞ is a parabolic fixed point, then its Eisenstein series E ∞ is defined for Re(s) > 2 as follows: 
We also need the following fact. We are ready to prove Theorem 1.1. Identify the function ϕ i with its lift to H 3 . Then ϕ i is a Γ i invariant function on H 3 . The proof consists of three steps: (1) Show that after suitable scaling, for any subsequence i of i, there is a further subsequence i such that ϕ i converges uniformly over compact subsets to a function ψ 0 on H 3 which is invariant under Γ 0 . (2) Show that ψ 0 is not identically zero. (3) Show that ψ 0 has moderate growth.
Step 1
For simplicity, we assume that M 0 has only one cuspidal end, and hence M i is compact with only one pinching geodesic c i (see the remark at the end for the general case). We normalize ϕ i by
where ϕ a i is the truncated function from §4. It follows from Theorem 1.1 that this normalization is essentially equivalent to two other more common normalizations:
However, the normalization we use here is the most convenient for the proof. From
it follows that 
where c 1 is a constant independent of i. By the stability of ordinary differential equations again, we get that for any b > a,
for some constant c 2 independent of i. These inequalities imply that
Let K ⊂ H 3 be any compact subset. Using Lemma 3.9, we get that
where c 3 is a constant independent of i. Since ϕ i satisfies ∆ϕ i = λ i ϕ i and lim λ i exists, by elliptic regularity theory [6, Theorems 8.8 and 8.10], for any k ≥ 1, there exists a constant independent of i such that
where W k,2 (K) is the Sobolev norm. Take an increasing sequence of compact subsets
Since Γ i → Γ 0 as i → ∞ (see the convention before Definition 3.6), and ϕ i is Γ i invariant, it follows from the uniform convergence that ψ 0 is Γ 0 invariant, and hence descends to a function on M 0 .
Step 2
We show that ψ 0 is not identically zero by contradiction. If ψ 0 ≡ 0, then for any b > a, ϕ i converges uniformly to zero on
where
where c 1 is a constant independent of i, and hence 
and ϕ i converges uniformly to zero on
In the first inequality, stands for the gradient on the torus T i (r). This contradicts Inequality 5.2 when b → ∞.
Step 3 We next show that ψ 0 has moderate growth on M 0 . Assume that ∞ is a parabolic fixed point of Γ 0 . By Lemma 3.8, for any fixed b > a, as i → +∞,
where D i ⊂ H 3 is a polyhedral fundamental domain for Γ i , and π i :
as in §3. From the uniform convergence of ϕ i → ψ 0 over compact subsets, it then follows that the non-constant Fourier term
, and hence
Letting b → +∞, we get Therefore we have
2 (u0,γv0)/4t , and for any R > 0,
and hence
uniformly for t in compact subsets of (0, +∞). On the other hand, from the convergence of Γ i → Γ 0 , it follows that for any
uniformly for t in compact subsets of (0, +∞). These results immediately imply the uniform convergence of
Proposition 6.2. For any t 0 > 0 and any compact subsets
Proof. By the proof of the previous proposition, it suffices to show that for any γ ∈ B(Γ i , R), P (u, γv, t) → 0 uniformly for (u, v) ∈ K 1 × K 2 as t → 0. By assumption, K 1 ∩ γK 2 = ∅, and hence there exists δ > 0 such that for any
Then the convergence is clear. Proof. For simplicity, we assume that s ∈ R, s > 2. For any u = v,
Since
and Since e s(2−s)T → 0 as T → +∞, the conclusion follows immediately from the previous proposition. 
